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A molecular model based on the integral equation theoly of statistical thermodynam- 
ics is used to study phase separation in PEG-salt aqueous two-phase systems. PEG 
molecules are modeled as hard spheres that attract each other through a temperature- 
dependent Yukawa potential, which mimics the effect of PEG - water hydrogen bonding 
on the attraction between PEG molecules. The salt ions are modeled as charged hard 
spheres interacting through a Coulombic potential. Excess thermodynamic properties 
due to Coulombic and Yukawa interactions are calculated by analytical solutions to the 
Omstein - Zemike equation for the mean spherical approximation closure. Yukawa pa- 
rameters for PEG - PEG interactions are determined by fitting the theoretical phase 
diagram for a pure Yukawa fluid to the aperimental phase diagram for a PEG - water 
mixture. The model predicts experimentally observed trends: increasing the temperature 
increases the slope and length of the tie lines; increasing the PEG molecular weight 
increases the miscibility gap; and increasing the anion charge lowers the salt concentra- 
tion at which phase separation occurs. Theoretical results allow us to infer the relative 
importance of ion - PEG interactions, ion - solvent interactions, and the interpenetrable 
nature of PEG molecules on the phase separation in PEG-salt aqueous two-phase 
systems. 

introduction 
Aqueous two-phase systems are formed when two poly- 

mers, such as polfiethylene glycol) (PEG) and dextran, or a 
polymer and salt, such as PEG and ammonium sulfate, are 
mixed above their critical concentrations in an aqueous 
medium (Albertsson, 1986). When biomaterials, such as pro- 
teins, are added to these mixtures they partition unequally 
between the two phases formed. Thus, aqueous two-phase 
extraction, a technique based on the partitioning of proteins 
in aqueous two-phase systems, has the potential of being used 
for the isolation and concentration of biomaterials (Walter et 
al., 1985; Fisher and Sutherland, 1989). Although aqueous 
two-phase extraction shows promise for the downstream 
processing of biomaterials, its use has been hampered by the 
lack of a comprehensive theory based on fundamental princi- 
ples that is capable of explaining and predicting the experi- 
mental trends observed (Walsh and Headon, 1994). Most of 
the models developed to describe phase separation and parti- 
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tioning in aqueous two-phase systems are based on experi- 
mental data and are empirical in nature, thus requiring mea- 
surement or fitting of a large number of parameters. In order 
to develop simple models that are capable of explaining and 
predicting the trends observed in aqueous two-phase systems, 
it is essential to understand the interactions taking place be- 
tween the molecular constituents-polymer, salt, proteins, 
and water-of an aqueous two-phase mixture. 

In this article we use a molecular model based in the inte- 
gral equation theory of statistical thermodynamics to study 
phase separation in PEG-salt-water systems. We model the 
phase separation seen in these systems by studying phase 
separation in a model mixture containing three species- 
positively and negatively charged hard spheres to mimic the 
salt ions, and hard spheres with an attraction to mimic the 
PEG molecules. The potential of interaction between the salt 
ions is Coulombic, whereas the attraction between the PEG 
molecules is modeled using an attractive potential of the 
Yukawa form with well depth E and a range z. 

We present a brief review of some of the models devel- 
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oped to explain phase separation and protein partitioning in 
aqueous two-phase systems. More detailed reviews of the 
theoretical and experimental advances made in this area have 
been written by Walter and coworkers (1986, 1991), Baskir et 
al. (1989a1, and Abbott et al. (1990). Early modeling work on 
aqueous two-phase systems was done using the Flory-Hug- 
gins theory of polymer solutions. Brooks and coworkers (1985) 
used the Flory-Huggins theory to develop a lattice model 
that gives a qualitative description of the phase separation 
observed in a mixture of polymer solutes. Kang and Sandler 
(1987, 1988,) combined the Flory-Huggins theory and the 
UNIQUAC model of Abrams and Prausnitz (1975) to de- 
velop models of PEG-dextran aqueous two-phase systems 
that take into account the effects of polydispersivity (Kang 
and Sandler, 1988b) and temperature (Hartounian et al., 
1993). Diamond and Hsu (1989, 1990) modified the 
Flory-Huggins theory for polymer solutions to obtain a 
semiempirical expression for protein partitioning in 
PEG-dextran aqueous two-phase systems both in the pres- 
ence and absence of salts. One of the drawbacks of using the 
Flory-Huggins lattice model is that it treats the protein, which 
has a compact globular structure, in an unrealistic manner by 
assuming that it has a loose chainline structure similar to 
polymers. Baskir et al. (1987) assumed such a globular form 
for proteins and used the Scheutjens and Fleer’s (1979,1980) 
lattice theory to develop a model to predict protein partition 
coefficients in a PEG-PVME [poly(vinyl methyl ether)] aque- 
ous two-phase system (Baskir et al., 1989b). 

Virial expansion models provide another approach to 
studying protein partitioning and phase separation in aque- 
ous two-phase systems. King et al. (1988) and Haynes et al. 
(1989a,b, 1993) proposed thermodynamic models based on the 
osmotic virial equation of Ogston (1962) and Edmond and 
Ogston (1968, 1970) to evaluate protein partition coefficients, 
phase diagrams, and electrostatic potentials between phases 
for polymer-polymer and polymer-salt aqueous two-phase 
systems. The osmotic virial coefficients are obtained from 
low-angle laser-light scattering data for the aqueous mix- 
tures. The main drawback of these models is that they re- 
quire the independent determination of several parameters 
in order to calculate the free energy of the system. Forciniti 
and Hall (1990) and Cabezas et al. (1989, 1990) have devel- 
oped models for aqueous two-phase extraction using a virial 
expansion approach based on the constant pressure solution 
theory of Hill (1960). The work of Forciniti and Hall (1990) 
suggests that excluded volume forces alone are not sufficient 
to explain trends obtained for protein partitioning in aqueous 
two-phase systems. Guan and coworkers (1993a) have, how- 
ever, questioned the application of virial expansion models to 
study aqueous two-phase systems by showing that a thermo- 
dynamic inconsistency is present in the virial expansions that 
precludes their use in phase equilibria calculations. Recently, 
Dobert and coworkers (1995) have derived themodynami- 
cally consistent expressions for the Gibbs free energy and the 
chemical potential of the solute based on the osmotic virial 
equation. However, the osmotic virial coefficients have to be 
calculated from experimental data on water activities in solu- 
tions of PEG and dextran of varying molecular weight. 

An alternative approach to modeling phase separation in 
PEG-dextran and PEG-salt aqueous two-phase systems has 
been provided by Guan et al. (1993b, 1994). They obtain bi- 
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nodal curves for aqueous two-phase systems by assuming that 
the PEG and dextran (or PEG and salt) molecules are dis- 
tributed in the solution according to a probability given by 
the molecules’ effective excluded volume. However, in order 
to account for attractive interactions in the solution, they too 
have to extend their model to include experimentally deter- 
mined parameters for the second virial expansion of the sol- 
vent (Guan et al., 1993a). 

Many of the models developed for aqueous two-phase sys- 
tems involve the evaluation of several parameters, such as 
second virial coefficients, from experimental data. Although 
the use of additional parameters improves the quantitative 
predictions of the model, it also makes it difficult to gauge 
the relative importance of the contributions represented by 
these parameters on model predictions. In this work we adopt 
a simple three-parameter molecular model to study PEG-salt 
aqueous two-phase systems. This simple model demonstrates 
the role that salts play in reducing the temperature at which 
PEG-salt-water mixtures phase separate. The  PEG 
molecules are modeled as neutral hard spheres interacting 
with each other through a temperature-dependent attractive 
Yukawa potential and the salt ions are modeled as charged 
hard spheres interacting via a Coulombic potential. Three ad- 
justable parameters determine the form of the PEG-PEG 
Yukawa attraction and are used to fit the salt-free theoretical 
PEG-water phase diagram to the salt-free experimental 
PEG-water phase diagram. Once these parameters are de- 
termined for each PEG molecular weight, the phase dia- 
grams for the PEG-water mixtures in the presence of salts 
are evaluated without the use of any additional adjustable 
parameters. In our work we also study the role that Coulom- 
bic interactions play on phase separation in PEG-salt-water 
systems at very low temperatures. It has been well estab- 
lished that the presence of Coulombic interactions alone can 
cause phase separation (Coulombic phase separation). This 
work theoretically evaluates and discusses the possibility of 
Coulombic phase separation at low temperatures in aqueous 
two-phase systems containing salts. 

Analytical expressions for the thermodynamic properties of 
models with pure hard sphere, Coulombic, or Yukawa inter- 
actions have been previously obtained by other investigators. 
We combine these expressions to obtain the total thermody- 
namic properties of our model mixture since it contains all 
three types of interactions. The excess (over an ideal gas) 
thermodynamic properties due to hard sphere interactions are 
taken from the Mansoori-Carnahan-Starling-Leland (1971) 
equation of state for hard-sphere mixtures. The excess ther- 
modynamic properties (over a hard-sphere system) due to 
Coulombic interactions are taken from Blum (1975) and Blum 
and Hoye’s (1977) MSA solution algorithm for charged hard- 
sphere mixtures. The MSA, when applied to hard spheres 
interacting via the coulombic potential, extends the classic 
Debye-Hiickel theory for ionic solutions so as to account for 
finite ion size. Finally, the excess thermodynamic properties 
(over a hard-sphere system) due to the Yukawa attractions 
are taken from Arrieta et al.’s (1987) MSA solution algorithm 
for a pure Yukawa fluid. The numerical procedure used for 
phase-diagram calculation has been adopted from an algo- 
rithm developed by Kenkare and coworkers (1995a,b, 1996) 
to study phase separation in charged hard-sphere mixtures. 

We have obtained phase diagrams in the temperature vs. 

Vol. 42, No. 12 3509 



PEG weight fraction, temperature vs. salt weight fraction, and 
PEG vs. salt weight fraction (binodal curve) planes for model 
PEG-salt-water mixtures. The model predicts that the addi- 
tion of salts to a PEG-water mixture decreases the lower 
critical solution temperature (LCST) of the mixture. We also 
model the effect of temperature, PEG molecular weight, and 
salt type on the theoretical PEG-salt binodal curves and 
compare with the trends seen in experiment. The model cor- 
rectly predicts that increasing the temperature and increasing 
the molecular weight of the PEG increases the miscibility gap 
in the PEG-salt binodal curve. Also, as is experimentally ob- 
served, an increase in anion charge moves the binodal curves 
toward lower salt concentrations. The model phase diagrams, 
however, underestimate the equilibrium salt concentrations 
and predict a higher LCST than that observed experimen- 
tally. The model also cannot convincingly distinguish between 
the binodal curves of salts that have the same charges on 
them [e.g., Na,SO,, (NH,),SO,, and Li,SO,]. These dis- 
crepancies probably indicate that ion-solvent effects such as 
hydration and PEG-salt interactions, both of which are ig- 
nored in our model, play an important role in PEG-salt 
aqueous two-phase separation. 

The remainder of this article is organized as follows. 
The next section describes the interaction potentials used 
in our model, and the following section explains the Ornstein- 
Zernike equation and the MSA closure used to solve it. We 
then present a derivation of the thermodynamic expressions 
for the osmotic pressure and the Gibbs free energy of the 
model mixture and also briefly describe the numerical tech- 
nique used for phase-diagram calculation. In the Result sec- 
tion we obtain PEG-water and PEG-salt-water phase dia- 
grams for a variety of salts at a range of temperatures and 
PEG molecular weights and compare with the trends seen in 
experiments. Finally, we conclude with a summary of the the- 
ory's predictions. 

Potentials of Interaction 
In our model mixture, species 1 and 2, which represent the 

salt cation and anion, respectively, contain particles of diam- 
eter d, and d, and charge z1 > 0 and z ,  < 0, and species 3, 
which represents the PEG molecules, contains neutral parti- 
cles of diameter d,. The water is represented by a structure- 
less continuum of dielectric constant, E~ = 78.4. Thus the in- 
teraction potential between the different solute species (PEG 
and salt ions) is a solvent-averaged potential of mean force, 
and the mixture is treated within the framework of the 
McMillan-Mayer theory. 

The potential of interaction, u . .(r), between the ions (i = 1, 
2; j = I ,  2) is Coulombic and is given by the expression, '! 

uij(r) =a r I dij 

z i z je2  
ui,(r) = - r > d,,, 

Ed 

where r is the distance between the centers of ions of types i 
and j ,  d i j  = (di + dj) /2 ,  and e = 4.8X lo-'' e.s.u is the charge 
on one electron in CGS units. 

We have used a temperature-dependent Yukawa attrac- 
tion to model the interaction between the PEG molecules in 
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solution. Thermodynamic models for PEG-water phase dia- 
grams show that the intermolecular interactions in the mix- 
ture are strongly temperature-dependent. Kjellander and 
Florin (1981), and Goldstein (1984) have attributed this tem- 
perature-dependence to the role that hydrogen-bonding 
forces play when PEG molecules interact with each other in 
an aqueous medium. An alternative explanation has been 
provided by Karlstrom (1985), who suggests that changes in 
PEG chain structure with temperature may be responsible 
for the observed phase diagrams. In either case, an increase 
in temperature leads to an increase in attraction between the 
PEG molecules. The attraction between the PEG molecules 
is modeled by using an attractive Yukawa potential, u3&), of 
the form, 

where E is the depth of the attractive well and z is the range 
of the potential. The increase in PEG-PEG attraction with 
increasing temperature is modeled by making the well-depth 
E (in Eq. 2) an increasing function of temperature, T ,  

E = k ,T / (A  - B T ) ,  (3) 

where A and B are constants and k ,  is Boltzmann's con- 
stant. In our model the constants A ,  B, and z are fit to make 
the theoretically predicted temperature-PEG weight fraction 
binodal curve match the experimentally observed tempera- 
ture-PEG weight fraction phase diagram for a PEG-water 
system. 

The potential of interaction between the ions (species 1 
and 2) and the PEG molecules (species 3) is assumed to be 
hard-sphere repulsion alone. Since ions are penetrable to the 
larger PEG molecules, a more realistic potential would prob- 
ably include an attractive term inside the hard core [ r  < (d, + 
dj)/2]. We, however, neglect ion-PEG dispersion forces be- 
cause including them would make analytical evaluation of 
thermodynamic properties difficult, and this in turn would 
make phase-diagram calculations numerically intractable. 

Ornstein-Zernike Equation and the MSA Closure 
The thermodynamic properties of our model mixture are 

evaluated within the framework of the integral-equation the- 
ory in statistical thermodynamics. The integral-equation the- 
ory is grounded in the Ornstein-Zernike equation, which for 
a multicomponent system containing 1 species, is written as 
(Lee, 19881, 

where r is the distance between two molecules of species i 
and species j ;  pI is the number density of species 1; hij(r) is 
the total correlation function between molecules of species i 
and species j and is related to the radial distribution function 
g i j ( r )  through the equation hjj(r)  = g,,(r)- 1; and c i j ( r )  is 
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the direct correlation function between two molecules of 
species i and species j. Physically, Eq. 4 means that the total 
correlation, hij(r) ,  between a molecule of species i and a 
molecule of species j contains two contributions: a direct 
correlation, ci j (r) ,  and an indirect correlation that is propa- 
gated through the other molecules, I ,  in the mixture. The in- 
direct correlation (given by the second term on the RHS of 
Eq. 4) is averaged over all positions of the molecules and is 
weighted by the number density of each of the species in the 
mixture. The Ornstein-Zernike equation is useful to liquid- 
state theorists because all thermodynamic properties for the 
mixture can be evaluated in terms of hi j ( r )  and ci j (r) .  In 
order to solve the Ornstein-Zernike equation for hi j ( r )  and 
ci j (r) ,  it is necessary to postulate a second relationship be- 
tween these two functions called the closure that is based on 
physically reasonable arguments. Insertion of the closure into 
the Ornstein-Zernike relation leads to a closed-integral 
equation for h i j ( r )  that can be solved either analytically or 
numerically. 

In this article we use the mean spherical approximation 
(MSA) closure for the Ornstein-Zernike equation to evalu- 
ate excess thermodynamic properties associated with the 
Coulombic and Yukawa interactions in our mixture. The MSA 
closure (Hansen and McDonald, 1991) is defined by 

h i j ( r )  = - 1 r < d i j  = ( d i  + d j ) / 2  

c i j ( r )  = - Puij r > d,,, ( 5 )  

where ui j  is the pair potential between species i and j ,  and 
/3 =(k,T)- '  with k ,  equal to Boltzmann's constant. Physi- 
cally the MSA closure says that (1) inside the hard core ( r  < 
d i j )  the radial distribution function is zero, which is exact; 
and (2)  outside the hard core the direct correlation function 
is equal to the pair potential between the molecules, an as- 
sumption that is exact in the limit of large r. The advantage 
of using the MSA closure is that it allows for an analytical 
solution to the Ornstein-Zernike equation for the Coulom- 
bic and Yukawa interaction potentials (Eqs. 1 and 2, respec- 
tively). Thus, simple analytical expressions (or sets of equa- 
tions that can be solved numerically) have been developed 
for the thermodynamic properties of a mixture of hard 
spheres interacting either by the Coulombic potential (Blum, 
1975; Blum and Hoye, 1977) or the Yukawa potential (Arrieta 
et al., 1987). 

Thermodynamic Properties and Phase Equilibria 
Calculations 

In this section we derive expressions for the osmotic pres- 
sure and the Gibbs free energy of our model mixture and 
present the method used for evaluating phase diagrams. 
Thermodynamic properties of the mixture are calculated by 
summing up the individual contributions associated with the 
intermolecular potentials between the various species in our 
model mixture. 

Consider a model mixture of salt RV1Sv2 and PEG (species 
3), where v1 and v2 are the stoichiometric coefficients of the 
cation R (species 1) and anion S (species 2), respectively. 
The mole fraction, c, of the salt (RY1SY2) in the model mix- 
ture can be written as 
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(6) 

where pi, the number density of species i, is defined as the 
ratio of the number of particles, q., of species i, to the vol- 
ume, V, of the mixture. By combining Eq. 6 with the elec- 
troneutrality condition, p1 v2 - p2 v1 = 0, we can express the 

in terms of the salt 
3 

species number fraction, xi  

mole fraction c as 

C V 1  
X I  = 

l+C(V,+ v2-1) 

1+C(V1+ v z - l )  
C V Z  

x2 = 

l + c  
x3 = 1 + c ( v 1 + v 2 - 1 ) '  

The total number of particles in the mixture, 

(7) 

is related to the total number of molecules in the mixture, 
Ntmol, by the expression 

The total Gibbs free energy of the mixture can be written 
as the sum of an ideal contribution, an excess hard-sphere 
contribution, an excess Coulombic contribution, and an ex- 
cess contribution due to Yukawa attractions. The ideal and 
hard-sphere contributions to the reduced Gibbs free energy, 
gid and ghs, account for the ideal and hard sphere interac- 
tions between all the species of the mixture; the Coulombic 
contribution, g 'O"', accounts for the Coulombic interactions 
between the charged species (species 1 and 2); and the 
Yukawa contribution, gPk, accounts for the Yukawa attrac- 
tion between the particles of species 3. Hence, the reduced 
total Gibbs free energy of the mixture may be written as 

The ideal contribution to the Gibbs free energy per particle 
is given by 

3 

gid = x i  In( piA:), (10) 
i = l  

where hi = (27rmik,T/h2)-'fl is the thermal De Broglie 
wavelength; h is Planck's constant; and mi is the mass of 
species i. The excess hard-sphere Gibbs free energy per par- 
ticle, ghS(T, V ) ,  is excess over an ideal gas at the same tem- 
perature and volume and is obtained for the mixture of 
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species 1, 2 and 3 using Mansoori et al.3 (1971) equation of 
state. [To obtain an expression for the excess hard-sphere 
Gibbs free energy over an ideal gas at the same temperature 
and volume, the In Z term has to be dropped from the excess 
hard-sphere Gibbs free energy expression in the reference by 
Mansoori et al. (1970.1 The excess Coulombic Gibbs free en- 
ergy per particle, gcoul(T, V ) ,  is excess over a hard-sphere 
system at the same temperature and volume and is obtained 
for a mixture of the charged species 1 and 2 using the analyti- 
cal solution to the MSA derived by Blum and Hoye (1975, 
1977). The excess (over a hard-sphere system) Gibbs free en- 
ergy per particle due to Yukawa interactions, gPk(T, V ) ,  is 
obtained for pure species 3 using Arrieta et al.3 (1987) MSA 
solution algorithm to the Ornstein-Zernike equation. 

The total Gibbs free energy per molecule of the mixture is 
obtained by substituting Ntpart in terms of Nrmol (using Eq. 
81, and x i  in terms of c (using Eq. 71, into Eq. 9, 

pG/N,moI = cvl In p,A: + cv2 In p2A% +(1- c)ln p3A\ 

+ [1+ c (v ,  + vz - l)lgh”T,V) + c ( v ,  + v2)gCOUI(T,V) 

+ (1 - c)gy”k(T,V). (11) 

Since the addition of constants or terms linear in mole frac- 
tion to the Gibbs free energy does not affect the phase- 
diagram calculations, we subtract these terms from the pre- 
ceding expression, to arrive at a simpler expression for the 
Gibbs free energy per molecule of the mixture, G*, 

The analytical expressions for ghs(T, V )  and gcoU1(T, V )  are 
given in the appendix of an earlier article by Kenkare et al. 
(1995a). 

The osmotic pressure of the mixture, P, is evaluated from 
the total compressibility factor, Z ,  of the mixture using the 

relationship Z = pP/p, where p 
i = l  

sity of the mixture. The total compressibility factor, Z ,  is the 
sum of the hard-sphere contributions to the osmotic pres- 
sure, ZhS (which includes the ideal contribution), the excess 
Coulombic contribution to the compressibility factor (over a 
hard-sphere system), Zcoul, and the excess Yukawa contribu- 
tion to the compressibility factor (over a hard-sphere system), 
Z P k .  The total osmotic pressure of the mixture is given by 
the expression 

where Z h S  is evaluated for the mixture of species 1, 2 and 3, 
using Mansoori et a1.k (1971) equation of state; Zwu1 is ob- 
tained for the mixture of charged species 1 and 2 using the 
analytical solution to the MSA derived by Blum and Hoye 
(1975, 1977); and Zpk is obtained for pure species 3 using 
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Arrieta et al.’s (1987) MSA solution algorithm. The analytical 
expressions for ZhS  and ZCoul (also known as the osmotic co- 
efficient, +cOul) are given in the appendix of an earlier article 
by Kenkare et al. (1995a). 

Phase equilibrium for our model mixture is evaluated by 
determining the mole fractions, c a  and c p ,  of the phases a 
and p ,  respectively, at which the temperature, T ,  osmotic 
pressure, P, and chemical potential, pi, of each compound is 
the same in both phases. Mathematically this may be written 
as 

where the chemical potentials of the salt and PEG, psalt and 
pWG, respectively, can be calculated as a function of mole 
fraction, c ,  from the total Gibbs‘free energy, G*, 

(15) 

The Gibbs free energy, G*, is obtained as a function of c at 
constant T and P using a numerical procedure described in 
an earlier article by Kenkare et al. (1995a). The chemical po- 
tentials of the salt and PEG are then calculated using Eq. 15, 
and the equilibrium mole fractions c a  and c p  at which the 
conditions in Eq. 14 are satisfied are determined. By evaluat- 
ing the equilibrium mole fractions and volume fractions at 
either fixed osmotic pressure or fixed temperature, we can 
obtain constant-pressure T - c  and T-7  coexistence curves 
or constant-temperature P-c and P-7 coexistence curves, 
respectively. 

Results and Discussion 
In this section we use the procedure described earlier to 

evaluate phase diagrams for our model PEG-water mixtures 
both in the presence and absence of salts. We limit our mod- 
eling efforts to mixtures containing PEG of molecular weights 
less than 10,000-namely PEG 2180, PEG 5000, and PEG 
8000-because our assumption of a globular geometry for 
PEG molecules in solution, which allows us to model them as 
hard spheres, is unrealistic for higher molecular weights. Ab- 
bott and coworkers (1991, 1992a,b,c, 1993) find that the 
structure of the PEG solution changes from globular-like to 
network-like as the PEG molecular weight increases. They 
determined that at molecular weights greater than 10,000 the 
PEG molecules lose their globular nature and exist as a net- 
work in the solution (Abbott et al., 1991). 

The PEG-water system is modeled as a pure fluid contain- 
ing PEG molecules that interact via a temperature-dependent 
Yukawa potential of the form given by Eqs. 2 and 3. The 
values for the Yukawa parameters, z, A ,  and B are deter- 
mined at each PEG molecular weight such that the theoreti- 
cal temperature-PEG weight-fraction phase diagram agrees 
with the experimental temperature-PEG weight-fraction 
phase diagrams. 
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The PEG-salt aqueous two-phase system is modeled as a 
binary mixture of a Yukawa fluid, representing the PEG 
molecules, and positively and negatively charged hard 
spheres, representing the salt. The theoretical temperature- 
PEG weight-fraction and temperature-salt weight-fraction 
phase diagrams are determined for the mixture and com- 
pared to the corresponding experimental diagrams. Theoreti- 
cal PEG-salt binodal curves are obtained for the system and 
compared to experimentally determined PEG-salt binodal 
curves. The effect of PEG molecular weight, temperature, and 
salt type on the PEG-salt binodal curve is studied and the 
observed trends are compared to experiments. 

Modeling of PEG - water phase separation: Determining z, 
A, and B 

We now determine values for the Yukawa potential pa- 
rameters, z, A ,  and B,  that make the theoretical PEG-water 
phase diagrams for PEG of molecular weights 2,180, 5,000, 
and 8,000 agree with the experimental PEG-water phase di- 
agrams measured by Saeki et al. (1976) and Malcolm and 
Rowlinson (1957). The experimental PEG-water phase dia- 
gram is generally plotted in the T - w  plane, where w is the 
PEG weight fraction, whereas the theoretical phase diagram 
of a pure Yukawa fluid is most naturally plotted in the T* -7 
plane, where T*( = k,T/e) is the reduced temperature and 
7 = apd3/6 is the volume fraction of the PEG, with p and 
d( = d3)  equal to the number density and diameter of the PEG 
molecules, respectively. In order to compare the experimen- 
tal PEG-water phase diagram and the theoretica1 phase dia- 
gram for the Yukawa fluid, we have to convert the theoreti- 
cal T* -7 phase diagram into a theoretical T* -w phase dia- 
gram. The PEG weight fraction, w, can be determined from 
the PEG volume fraction, 7, through the correlation, 

where pwater( = 1 g/cm3) is the density of water; NAu( = 6.023 
X loz3) is Avogadro'snumber; and M is the molecular weight 
of the PEG. Hence if the diameter, d,, of the PEG molecules 
of molecular weight M is determined, the theoretical T* -7 
phase diagram can be converted into a theoretical T*-w 
phase diagram by using the preceding correlation. 

The diameter of the PEG molecules is obtained by deter- 
mining the hydrodynamic volume, T/h( = ~rd33/6), of the 
molecules. The hydrodynamic volume, V,, is related to the 
intrinsic viscosity, [7], and the molecular weight, M ,  of the 
polymer through the equation (Young and Lovell, 1991); 

where [?I, for a PEG solution of molecular weight 200 < A4 
<8,000, is related to M through the equation (Young and 
Lovell, 1991; Atha and Ingham, 19811, 

Table 1 contains the diameter of PEG molecules as a func- 
tion of molecular weight calculated using Eqs. 17 and 18. Us- 

Table 1. Data on the Diameter, d3,* the Critical Experimen- 
tal Weight Fraction, w,,** the Critical Volume Fraction, qE; 
the Yukawa Range Parameter, z,tt and the Yukawa Well- 
Depth Parameters A and B, for PEG Species of Different 

Molecular Weights 

Species d, A wc vc z A B (K-') 
PEG 2180 27.2 0.24 0.48 22.8 0.42 4.19X10-4 
PEG 5000 41.2 0.17 0.47 22.2 1.20 2.44X10-3 
PEG 8000 52.1 0.07 0.28 6.5 3.83 8.75X10-3 

*Obtained using Eqs. 18 and 17. 

'Evaluated using Eq. 16. 

**Obtained from the work of Saeki et al. (1976) and Malcolm and Rowl- 

"Evaluated from vc using Eq. 19. 

inson (1957). 

ing the preceding equations to calculate the size of the PEG 
molecules gives us the flexibility to extend our model to vari- 
ous other PEG molecular weights (in the range 200 to 8,000) 
with ease. 

In our model the value assigned to the range parameter, 2, 

determines the critical volume fraction, 7c, and hence the 
critical weight fraction, w,, that will characterize the theoreti- 
cal PEG-water phase diagram. We have obtained a correla- 
tion between z and the theoretically predicted value of by 
evaluating T* -7 phase diagrams for a pure Yukawa fluid at 
several values of z (see Figure 1). The critical volume frac- 
tion of the pure Yukawa fluid is related to the range parame- 
ter z through the approximate correlation 

z=-7.74+83.9lvc-223.2 $+377.9$ (0.1 <7c<0.5). 

(19) 

T' 

8 

8 

i 

l o t  .5 

8 
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8 
rn . 
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0.0 0.2 0.4 0.6 0.8 

11 
Figure 1. Coexistence in the reduced temperature 

(T*)-volume fraction (q) plane for a pure 
Yukawa fluid at different values of the Yukawa 
range parameter, z. 
The inset magnifies the phase diagrams seen at low temper- 
atures for high values of z. The correlation between the crit- 
ical volume fraction, qc, and z given by Eq. 19 is obtained by 
determining the value of qc for each value of z from the 
above graph. 
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Figure 2. (a) Coexistence in the reduced temperature 
(T*)-weight fraction ( w )  plane for a pure 
Yukawa fluid with an attractive well-depth, E ,  

and range, z = 22.2; (b) experimental phase 
diagram in the temperature-weight fraction 
plane for a PEG 5000-water mixture. 
The experimental data points (filled circles) are obtained 
from the work of Malcolm and Rowlinson (1957). 

The z value for our PEG-water model mixture is chosen 
such that the theoretical critical weight fraction fits the ex- 
perimentally determined critical weight fraction for the 
PEG-water system. For a given experimental w, value [ob- 
tained from the experimental data of Saeki et al. (1976) and 
Malcolm and Rowlinson (1957)], the corresponding qc is 
evaluated using Eq. 16. The Yukawa range parameter z is 
then obtained by using the correlation given by Eq. 19. Table 
1 presents values for wc, qc, and z for the PEG species con- 
sidered in this article. 

The values for z and d, determined earlier are used to 
obtain a theoretical temperature-volume fraction (T* -q) 
phase diagram for the PEG-water system. This phase dia- 
gram is converted into a theoretical temperature-weight 
fraction (T* - w) phase diagram by relating 77 to w using Eq. 
16. Figure 2a shows the phase diagram in the T* -w plane of 
a pure Yukawa fluid that mimics the experimental PEG 
5000-water system. The Yukawa fluid contains hacd spheres, 
representing the PEG molecules of size d = 41.2 A, interact- 
ing by a Yukawa potential of well depth E and range z = 22.2. 
Figure 2b plots the experimental phase diagram for a PEG 
5000-water system based on the work of Malcolm and 
Rowlinson (1957). The phase diagram in Figure 2a ends in 
an upper critical solution temperature (since the reduced 
well-depth E/k,T has no functional dependence on T ) ,  
whereas the experimental phase diagram in Figure 2b ends in 
a LCST. The theoretical phase diagram can be converted into 

a curve ending in a LCST by introducing a temperature de- 
pendence into E of the form shown in Eq. 3. 

We choose values for A and B (which fix the temperature 
dependence of the well depth E )  to make the theoretical 
phase diagram in Figure 2a agree with the experimental phase 
diagram in Figure 2b. At each data point (value of w) ap- 
pearing in Figure 2b, we determine the associated value of T 
from Figure 2b and the value of T* = k,T/e from Figure 2a. 
In Figure 3 we plot the resulting relationship (filled circles) 
between E/kB( = T/T*)  and T for each of the data points in 
Figure 2b and choose values for A and B such that the func- 
tional dependence of E/kb on T passes through these points. 
The solid line in Figure 3 shows that for values of A = 1.2 
and B = 2.44X lop3 the E/kg vs. T plot (solid line) passes 
through the data points (filled circles). From Figure 3 it might 
at first seem that a linear line passing through the data points 
would provide the best fit. However, a linear plot through the 
data points would intersect the x-axis at T = 350 K, implying 
that for T I 350 K the well-depth e/kb = 0, or that there is 
no attraction between the PEG molecules. In reality at tem- 
peratures below the critical temperature (T < 399 K), the at- 
traction between the PEG molecules decreases but does not 
become zero. We find that the fit of E/kB = T / ( A  - BT), 
which we have used in Figure 3, incorporates the essential 
features of phase separation in PEG-water systems. At tem- 
peratures above the critical temperature there is a rise in 
E/kB, signifying stronger attraction between the PEG 
molecules, thereby leading to phase separation, and at tem- 
peratures below the critical point there is a gradual decrease 
in E/kB, signifying weaker attraction between the PEG 
molecules either due to increased hydrogen bonding between 
the PEG and water molecules, or due to a change in PEG 
chain structure at lower temperatures. The method just de- 
scribed was also used to obtain values of A and B for 
PEG-water solutions containing PEG of molecular weights 
2,180 and 8,000 (see Table 1). The function E/kB = T / ( A  - 
B T )  goes to infinity at T = A/B (i.e., at T = 1,002 K for PEG 
2180, 492 K for PEG 5000, and 438 K for PEG 8000). How- 
ever, this does not affect our calculations because the tem- 

'i80 320 360 400 440 480 
T (OK, 

Figure 3. Correspondence between elk, and T (or al- 
ternatively between T* and T )  (0) for each 
data point in Figure 2b; functional depen- 
dence of well-depth e / k ,  on temperature, 
T(-). 
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Table 2. Crystalline Cation and Anion Diameters, d ,  and 
d,: Respectively, for the Salts Considered in this Study** 

Figure 4. 

peratures 

I PEG 5 0 0 0 ,  

-- PEG 8000 * 

0.0 0.1 0.2 0.3 0.4 0.5 
PEG (w) 

Theoretical and experimental phase diagrams 
for PEG-water mixtures at different PEG 
molecular weights. 
The lines represent the theoretical coexistence curves and 
the symbols represent the data points obtained from the ex- 
perimental phase diagrams of Malcolm and Rowlinson 
(1957) and Saeki et al. (1976). The theoretical phase dia- 
grams are determined using the values for z, A,  and B given 
in Table 1. 

at which E/kB goes to infinity are significantly 
higher than the temperatures at which we work. 

The values for A and B determined earlier are used to 
obtain the theoretical T - w phase diagram corresponding to 
the T* - w phase diagram shown in Figure 2a. This is done 
by recognizing that the relationship E/k, = T / ( A  - B T )  is 
equivalent to setting T* = A - BT and then rescaling the 
T* -w phase diagram by determining the T corresponding to 
each value of T* in Figure 2a. Figure 4 shows the resulting 
theoretical T-w phase diagram along with the experimental 
phase diagram for a PEG-water mixture containing PEG of 
molecular weights 2,180, 5,000, and 8,000. The experimental 
data points for PEG 2180 and 8000 were obtained from the 
phase diagrams of Saeki et al. (1976). A good fit is obtained 
between the theoretical and experimental phase diagrams for 
PEG-water mixtures containing PEG 2180 and PEG 5000. 
The fit in the PEG 8000 curve is not as satisfactory because 
the theoretical curve is not as broad as the experimental curve. 
This is probably because our theory overestimates the ex- 
cluded volume of the PEG molecules by modeling them as 
hard spheres. At the higher PEG molecular weights, the 
PEG-rich phase gets saturated at a lower equilibrium PEG 
concentration than that observed experimentally because the 
large-sized hard-sphere PEG molecules prevent the other 
PEG molecules from entering into this phase. In reality, how- 
ever, the PEG molecules are interpenetrable and can pack 
themselves effectively, thus resulting in higher equilibrium 
concentrations of the PEG in the PEG-rich phase. 

Phase separation in PEG - salt - water systems 
We now obtain phase diagrams for PEG-water mixtures in 

the presence of salts. The salt ions are modeled as positively 
and negatively charged hard spheres interacting by the 
Coulombic potential (Eq. 1). The size of the anions and 
cations are assumed to be equal to the crystalline hard-core 
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Cation d ,  A Anion d2  A 
Li + 1.2 OH- 2.8 
Na+ 1.9 4.58 
NH + 2.96  PO,^ ~ 3.12 
Zn24+ 1.48 
A13 + 1 .o 

*Obtained from Monk (1961). 
**For SO:- the crystalline diameter was not available, and the solvated 

diameter is used instead. 

diameters. We further assume that the presence of salt ions 
does not affect the Yukawa parameters for the attraction be- 
tween the PEG molecules. Hence, we use the values for z ,  
A ,  and B determined in the previous section (see Table 1). 

Evaluation of PEG 2180 - (NH,),SO, - Water Phase Dia- 
grams. In this section we obtain temperature-PEG weight 
fraction and temperature-(NH,),SO, weight-fraction phase 
diagrams for a model PEG 2180-(NH,),SO, -water mixture. 
The trends exhibited by our model are compared to the ex- 
perimental results of Voros and coworkers (1993), who meas- 
ured liquid-liquid phase equilibria for a PEG 2000- 
(NH,)2S0, -water mixture at four different temperatures. 

The model calculations are performed by setting the diam- 
eters of the salt ions equal to the crystalline hard-core diame- 
anion diameters for all the salts considered in this study (for 
SO:- the crystalline diameter data are not available and the 
solvated diameter is used instead). The weight fraction of the 
PEG and salt [(NH,),SO,] in each phase are calculated us- 
ing the expressions, 

(20) 
M3 P3 

Ml P1+ M2 P2 + M3 P3 + KJ1-  77) ’ 
PEGw/w = 

, (21) 
MlP,+MZP2 

Ml P 1 +  M2 P 2  + M3 P3 + NAlJ(1- Ill 
salt w/w = 

where Mi and pi are the atomic weights (molecular weight 
for i = 3) and number densities, respectively, of species i in 
the phase, and r)( = E b  I 7rpidi3/6>, is the total volume frac- 
tion of the phase. The number densities, pi, of species i in 
each phase are related to the equilibrium values for the salt 
mole fraction, c,  and the total volume fraction, 77, through 
the expressions, 

Figures 5a and 5b show our model’s predictions for the 
phase diagram of a PEG 2180-(NH,)2S0,-water mixture in 
the temperature-PEG weight-fraction plane and tempera- 
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Figure 5. Theoretical phase diagrams in (a) tempera- 
ture-PEG weight fraction plane, and (b) tem- 
perature-(NH,),SO, weight fraction plane for 
a PEG 2180-(NH4),S04-water mixture. 
The solid line in (a) corresponds to the theoretical phase 
diagram of a PEG 2180-water mixture in the absence of 
Salts. 

ture-(NH4)2S04 weight-fraction plane, respectively, at dif- 
ferent osmotic pressures. The PEG-rich phases in Figure 5a 
(right branches of the phase diagram) correspond to the salt- 
deficient phases in Figure 5b (left branches of the phase dia- 
gram). In Figures 5a and 5b each symbol corresponds to an 
osmotic pressure at which the phase diagram of the mixture 
is calculated (see legend in Figure 5b). The solid line in Fig- 
ure 5a corresponds to the phase diagram of the PEG 
2180-water solution in the absence of the (NH4),S04 salt. 

Figures 5a and 5b show that at any fixed osmotic pressure, 
phase separation is seen in two regions, one corresponding to 
high temperature and the other corresponding to lower tem- 
peratures. The high-temperature phase separation is driven 
by the temperature-dependent Yukawa attraction between 
the PEG molecules (species 3) and is characterized by a 
LCST. The low-temperature phase separation, however, is 
driven by Coulombic interactions between salt ions (species 1 
and 2) and is characterized by an upper critical solution tem- 
perature (UCST). Increasing the osmotic pressure lowers the 
LCST and increases the UCST until P = 30 atm, the phase 
diagrams merge. We believe that our model's predictions of 
both low-temperature and high-temperature phase separa- 
tion could be related to the work of Weingartner and 
coworkers (1991, 1992, 1995) and Narayanan and Pitzer (1994, 
1995), who propose that in ionic solutions two types of phase 
separation can occur-one having to do with the long-ranged 
Coulombic interactions (Coulombic phase separation) and the 
other having to do with short-range attractions such as hydro- 
gen bonding (solvophobic phase separation). Since the phase 
separation seen in PEG-salt-water aqueous two-phase sys- 
tems is driven by the hydrogen bonding between the PEG 
and water and is solvophobic in nature, we focus here on the 
phase separation seen at high temperatures and compare 
these with the experimental PEG-salt-water phase dia- 
grams. 

In Figures 6a and 6b we present the experimental binodal 
data of Voros et al. (1993) for a PEG 2000-(NH4),S0, 
aqueous two-phase system in the temperature-PEG weight 
fraction and temperature-(NH,),SO, weight fraction planes, 
respectively. The binodal data were obtained at four differ- 
ent temperatures for each of three mixtures containing dif- 

+ 0.161 wlw PEG2000 + 0.154 wlw (NHJ,SO, 
0.128 whv PEG2000 + 0.124 w h  (NH,),SO, 

0 0.109 wlw PEG2000 + 0.113 whv (NHJ,SO 

31 8 +m 0 .  

0 m + 4 t + m o  0 + 
rK) 308 1 

298 0 

0 .  + 

I I  2*8u 278 0.0 0.1 0.2 0.3 0.4 0.50.0 1 0.1 0.2 

PEG 2000 (w/w) (NH,),SO, ( w h )  

Figure 6. Experimental binodal data for a PEG 2000- 
(NH,),SO, aqueous two-phase mixture from 
Voros et al. (1993). 
Here, the binodal data have been plotted in the (a) T-PEG 
weight fraction plane, and the (b) T-(NH,),SO, weight 
fraction plane. The binodal data have been obtained at four 
different temperatures for each of three mixtures containing 
different overall (before phase separation) concentrations of 
PEG and (NH4)*S04 as reported in the legend. 

ferent overall (that is prior to phase separation) concentra- 
tions of PEG and (NH,),SO,, as reported in the legend. 

It is not possible to make a direct comparison between our 
predicted phase diagrams (Figures 5a and 5b) and the experi- 
mental phase diagrams (Figures 6a and 6b) because we are 
unable to independently vary the equilibrium PEG and salt 
concentrations at a fixed temperature and pressure as is done 
in experiment. This is because we treat the PEG-salt-water 
solution as a pseudobinary mixture of PEG and salt which, 
according to the phase rule, means that there are only two 
degrees of freedom available to describe phase equilibrium. 
Thus fixing T and P automatically fixes the individual con- 
centrations of the PEG and salt in each phase. 

In our model PEG-salt-water mixture, at a fixed tempera- 
ture, the equilibrium concentration of PEG and salt in each 
phase is varied by changing the osmotic pressure, P ,  of the 
mixture. In an experimental phase diagram (see Figures 6a 
and 6b), at a fixed temperature and pressure, the equilibrium 
concentration of PEG and salt in each phase is varied by 
changing the overall concentration of these components in 
the mixture prior to phase separation. Hence, varying the os- 
motic pressure in our model mixture is equivalent to varying 
the combined overall concentration of PEG and salt in the 
mixture (or the overall volume fraction, 7) prior to phase 
separation. This approach of using the osmotic pressure as a 
variable to change the equilibrium concentration of a phase- 
separating mixture is not unusual and has been used by sev- 
eral investigators while modeling phase separation in poly- 
mer-colloid mixtures (Gast et al., 1983a,b), aqueous mixtures 
of polymer and protein (Vlachy et al., 1993; Mahadevan and 
Hall, 1990, 1992), micelle-water solutions (Reatto and Tau, 
1984, 1985; Menon et al., 1991; Shukla and Rajagopalan, 
1993), and micelle-salt-water mixtures (Kenkare et al., 1996). 

We now compare the theoretical phase diagrams for our 
model PEG 2180-(NH,),SO, -water mixture (Figures 5a and 
5b) with the experimental phase diagrams for a PEG 
2000-(NH,),SO, -water mixture obtained from the binodal 
data of Voros et al. (1993) (Figures 6a and 6b). Figure 5a 
shows that an increase in the osmotic pressure lowers the 
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fa) I b) LCST for the mixture. For example, at osmotic pressures P 
= 20 and 25 atm the LCST is 400.8 K and 376.9 K, respec- 
tively. Our model also predicts that an increase in the os- 
motic pressure increases the miscibility gap by increasing the 
PEG concentration in the PEG-rich phases (right branch of 
phase diagram in Figure 5a) and the salt concentration in the 
salt-rich phases (right branch of phase diagram in Figure 5b). 
The experimental phase diagrams in Figures 6a and 6b show 
similar trends, that is, an increase in the overall concentra- 
tion of each component in the mixture results in an increase 
in the miscibility gap and a decrease in the LCST of the mix- 
ture. The experimental phase diagrams, however, predict an 
LCST at temperatures below 300 K, whereas the theoretical 
phase diagrams predict that the lowest possible LCST is at 
= 350 K. Also, the experimental phase diagrams show the 
average equilibrium weight fractions of (NH,),SO, in the 
salt-rich and salt-poor phases (see Figure 5b) to be approxi- 
mately 0.05 and 0.2, respectively, whereas the theoretical 
phase diagrams show the average equilibrium weight frac- 
tions of (NH,),SO, in the salt-rich and salt-poor phases (see 
Figure 5a) to be approximately 0.01 and 0.03, respectively. 

We believe that the model phase diagrams underestimate 
the equilibrium salt concentration and predict a higher LCST 
than the experimental phase diagrams because the model 
does not take into account the hydration of the salt ions and 
the short-ranged attraction between the salt ions and the PEG 
molecules. The hydrated water surrounding the salt ions could 
deplete the water that is bound to the PEG molecules (due 
to increased competition for water), thus increasing the at- 
traction between the PEG molecules (due to reduced screen- 
ing). This increase in attraction between the PEG molecules 
could then result in a further reduction in the LCST of the 
PEG-salt-water mixture. The short-ranged attractions be- 
tween the salt ions and the PEG and the affinity of the cations 
to the ether oxygen in the PEG, both of which are neglected 
in our model but are present in a real system, could increase 
the equilibrium concentrations of salt in the PEG-rich and 
the PEG-poor phases in the PEG-salt-water mixture. 

Our model (Figures 5a and 5b) predicts Coulombic phase 
instabilities at low temperatures that are not observed experi- 
mentally in PEG-salt-water mixtures. It is possible that this 
Coulombic phase separation actually exists but cannot be ob- 
served experimentally because it is preempted either by the 
crystallization of the PEG or salt or by the freezing of the 
water (Narayanan and Pitzer, 1994). However, it may also be 
possible that in aqueous systems the presence of water signif- 
icantly screens the Coulombic forces and that phase separa- 
tion is driven by solvophobic forces alone. If this is indeed 
the correct picture, our simple model (which assumes the wa- 
ter to be a structureless continuum) might be erroneously 
predicting a Coulombic phase separation at low temperatures 
by not accurately accounting for screening effects of water. 

Evaluation of PEG - Salt Binodal Plots and Comparison with 
Experiments. In this section we obtain theoretical PEG-salt 
binodal plots for a variety of salts at a range of temperatures 
and PEG molecular weights and compare the trends seen with 
experiments. The PEG-salt binodal plots are obtained from 
osmotic pressure vs. concentration phase diagrams evaluated 
at constant temperature. 

In Figures 7a and 7b, the theoretical PEG-(NH4),- 
SO4 -water phase diagrams are presented in the osmotic 

AIChE Journal December 1996 

0.0 0.1 0.2 0.3 0.40.00 0.02 0.04 0.06 0.08 
20 

PEG 2180 ( w h )  (NH,),SO, (wW 

Figure 7. Theoretical phase diagrams in (a) osmotic 
pressure-PEG weight fraction plane, and (b) 
osmotic pressure-salt weight fraction plane at 
T=350 K for the PEG 2180-(NH,),S04-water 
mixture considered in Figures 5a and 5b. 
The horizontal lines are tie lines connecting theoretical 
equilibrium points (filled circles) at the same osmotic pres- 
sure. 

pressure vs. PEG weight-fraction and the osmotic pressure 
vs. salt weight-fraction planes, respectively, at a temperature 
T = 350 K. The osmotic pressure-concentration phase dia- 
grams shown in Figures 7a and 7b are slices of the tempera- 
ture-concentration phase diagrams shown in Figures 5a and 
5b taken at T = 350 K. The horizontal lines are tie lines con- 
necting pairs of equilibrium points (represented by filled cir- 
cles) at the same osmotic pressures. The PEG-rich phase of 
the phase diagram in Figure 7a (the right branch) corre- 
sponds to the salt-poor phase of the phase diagram in Figure 
7b (the left branch). 

We generate PEG-salt binodal plots from osmotic pres- 
sure-concentration phase diagrams (such as those shown in 
Figures 7a and 7b) by plotting the PEG and salt weight frac- 
tions in each phase on a PEG weight-fraction vs. salt weight- 
fraction plot. Figure 8 presents the PEG 2180-(NH,),S04 
binodal curve at T =350 K corresponding to the osmotic 
pressure-concentration phase diagrams in Figures 7a and 7b. 
The lines joining the points in the PEG-rich and salt-rich 
phases are tie lines that connect the equilibrium points at the 
same osmotic pressure and are identical to the tie lines shown 
in Figures 7a and 7b. In this discussion we only show theoret- 
ical binodal curves for the PEG-(NH,),SO,-water mixture 
at temperatures of 350 K and higher. Theoretical binodal 
curves evaluated at these temperatures correspond to phase 
separation in the LCST region and hence can be compared 
to experiments. At temperatures below 350 K, the two-phase 
regions begin at a UCST and thus cannot be compared with 
experiments. 

We now 
study the effect of increasing temperature on the PEG 
2180-(NH4),S04 binodal curve. Figure 9a shows the theo- 
retical PEG 2180-(NH,),SO, binodal curves evaluated at 
temperatures T = 350 K and T = 375 K. In Figure Yb we plot 
the experimental PEG 2000-(NH,),S04 binodal data ob- 
tained by Voros et al. (1993) at the temperatures T = 288 K 
and T = 308 K. The solid lines and dashed lines in Figures Ya 
and Yb are tie lines that represent the points in equilibrium 
at different temperatures. The theoretical binodal plots in 
Figure Ya show that an increase in the temperature increases 

Effect of Temperature on PEG - Salt Binodal Plots. 
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Theoretical PEG 2180-(NH,),SO, binodal 
curve at 350 K obtained for the PEG 
2180-(NH4),SO,-water system using the 
phase diagrams in Figures 7a and 7b. 
The slanted lines are tie lines connecting the theoretical 
equilibrium points (filled circles) at  the same osmotic pres- 
sure. 

and sloDe of the tie-lines-a trend that is also 
seen in the experimental data presented in Figure 9b. The 
theoretical temperature-concentration phase diagrams for 
this mixture (Figures 5a and 5b) show that at a fixed osmotic 
pressure an increase in temperature increases the concentra- 
tion of PEG in the PEG-rich phase, but does not have much 
of an effect on the salt concentration in the salt-rich phase. 
This is why the tie lines on the binodal plot get longer and 
steeper with increasing temperature. 

Effect of PEG Molecular Weight on PEG - Salt Binodal Plots. 
We now describe the effect of increasing the PEG molecular 
weight on the PEG-(NH,),SO, binodal curve and compare 
the trends seen with experiments. Figure 10a presents the 
theoretical PEG-(NH,),SO, binodal curves at T = 350 K for 
PEG of molecular weights 2,180, 5,000, and 8,000. Figure 10b 
presents the experimental PEG-(NH,),SO, binodal data of 
Voros et al. (1993) at the temperature T = 298 K for PEG of 
molecular weights 1,000 and 2,000. The theory predicts that 
increasing the molecular weight moves the binodal curves to- 
ward lower PEG and lower salt concentrations, a trend that 
is consistent with experimental observation. The theoretical 
predictions, however, worsen with increasing PEG molecular 
weight. Figure 10a shows that the PEG-rich branches of the 
PEG 5000 and PEG 8000 binodal curves begin to curve back 
toward higher salt concentrations as the concentration of 
PEG increases-a result that is not observed experimentally. 

We believe this discrepancy arises because the theory over- 
estimates the excluded volume of the PEG molecules by 
modeling them as hard spheres. As the osmotic pressure of 
the mixture increases, the overall volume fraction of the 
PEG-rich phase increases, and this results in an increase in 
concentration of the hard-sphere PEG molecules in the 
PEG-rich phase. However, a further increase in osmotic 
pressure increases the overall volume fraction to an extent 
that even the smaller salt ions begin to enter the PEG-rich 
phase. This results in the binodal curves moving toward higher 

(NH,),SO, ( W W  (NHS$O, ( w b )  

Figure 9. (a) Theoretical PEG 2180-(NH,),SO, binodal 
curves evaluated at T=350 K (0) and T=375 
K (+I;  (b) experimental binodal data from 
Voros e t  al. (1993)  for the  PEG 
2000-(NH,),SO,-water mixture at T =  288 K 
and T =  308 K. 
Solid and dashed lines for (a) are tie lines connecting points 
at equal osmotic pressure at T = 350 K and T = 375 K, re- 
spectively; for (b) are tie lines connecting the points in equi- 
librium at  T = 288 K and T = 308 K, respectively. 

salt concentration. As the molecular weight of the PEG in- 
creases, this unphysical behavior begins to manifest itself at 
lower PEG concentrations. This is because at high PEG 
molecular weights the PEG-rich phase saturates at relatively 
low PEG concentrations because the size of the hard-sphere 
PEG molecules is quite large. 

In reality the PEG molecules are interpenetrable. Hence 
even at higher overall volume fractions the PEG-rich phase 
does not get saturated because the PEG molecules can pack 
themselves effectively either through an overlap of the globu- 
lar polymer coils for the low molecular weight PEGs, or 
through network formation for the high molecular weight 
PEGs. 

We now 
study the effect that different salts have on the theoretical 
PEG 2180-salt binodal curves. We consider three categories 
of salts: the first category contains salts with increasing an- 
ionic charge-NaOH, Na,SO,, and Na,PO,-the second 
category contains salts with increasing cationic charge- 
Na,SO,, (NH,),SO, and ZnS0,-and the third category 

Effect of Salt Type on PEG - Salt Binodal Plots. 

T = 350'K T=298'K 

PEG 2180 

0.2 

0.1 

0.0 

! \\ 

0.00 0.02 0.04 0.06 0.08 

(From the binodal daia 01 

iO.0 0.1 0.2 0.3 0.4 

(NHJ,SO, (wW (NH,),SO, ( w b )  

Figure 10. (a) Theoretical PEG-(NH,)2S0, binodal 
curves evaluated at T=350 K for PEG of 
molecular weights 2,180, 5,000, and 8,000; 
(b) experimental PEG-(NH,),SO, binodal 
data from Voros et al. (1993) at T=298 K for 
PEG of molecular weights 1,000 and 2,000. 
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PO,> Citrate > SO, > OH (a) T = 360'K (b) T = 375'K 
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Figure 11. Experimental PEG 3350-salt binodal curves 
for inorganic salts from Ananthapadmanab- 
han and Goddard (1987). 
(a) Binodal phase diagrams for PEG-Na salt aqueous 
two-phase systems; (b) binodal phase diagrams for 
PEG-metallic sulfate aqueous two-phase systems. 

contains salts having the same anion (SO:-) but different- 
sized monovalent cations-Li,SO,, Na,SO,, and 
(NH,),SO,. Theoretical binodal curves for the salts belong- 
ing to the first and second categories model the effect of in- 
creasing anion and cation charge, respectively, and the theo- 
retical binodal curves for the third category model the effect 
of increasing ion size (keeping charge constant). 

For each category of salts, the binodal curves are evaluated 
at a temperature that lies in the upper region of the "hour 
glass''-shaped temperature-concentration phase diagrams (see 
Figures 5a and 5b) for the PEG 2180-salt-water mixture. To 
facilitate the comparison between the trends predicted by our 
model and the measured PEG-salt binodal curves of Anan- 
thapadmanabhan and Goddard (1987) (Figures l l a  and l lb)  
we have expressed the binodal concentrations in units of PEG 
weight fraction and salt mol/L. Assuming that the density of 
the mixture equals 1 g/cm3, the salt concentration in mol/L 
is calculated from the expression 

salt (mol/L) = (saltw/w)(l,OOO)/(M, + M,) ,  (25) 
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Figure 12. Theoretical PEG 2180-salt binodal curves: 
(a) at T=360 K for the salts NaOH, Na,SO,, 
and Na,PO, salts; (b) at T=375 K for the 
salts Na,SO,, (NH,),SO,, and ZnSO,; and 
(c) at T=350 K for the salts (NH,)2S0,, 
Na,SO,, and Li,SO,. 
(a) The predicted movement of binodal curves toward 
lower salt concentrations with increasing cation charge is 
consistent with experimental observation. (b) The effect of 
increasing cation charge on the binodal curves is modeled. 
(c) The trends observed are inconsistent with experimental 
data. The model does a poor job of predicting the move- 
ment of the binodal curves with salts that have the same 
ratio of cation to anion charge (such as 1:2 above). 

where Mi is the atomic weight of ion i ,  and salt w/w is the 
salt weight fraction given by the expression in Eq. 21. 

Figure 12a presents the theoretical PEG 2180-salt binodal 
curves for the salts NaOH, Na,SO,, and Na,PO, (first cate- 
gory described earlier) at a temperature T = 360 K. The salts 
considered share a common cation (Na+ but contain anions 
of increasing charge. The figure shows that increasing the 
charge on the anion from - 1 (OH- ) to - 3 (PO:- ) lowers 
the salt concentration at which phase separation occurs. 
Ananthapadmanabhan and Goddard (1987) observe an iden- 
tical trend (see Figure lla), that is, the effectiveness of the 
anion in forming an aqueous two-phase system with PEG is 
given by PO:- > SO:- > OH-. Salts containing multivalent 
anions are better at forming an aqueous two-phase system 
with PEG than salts containing univalent anions because salts 
containing multivalent anions are better at lowering the LCST 
of a PEG-water solution (salting-out effect) than salts con- 
taining univalent anions. Ananthapadmanabhan and God- 
dard have postulated that anions with a higher valence are 
better salting-out agents than anions with a lower valence be- 
cause the higher valence anion hydrates more water than the 
lower valence anion, thus decreasing the amount of water 
available to hydrate PEG. However, our model, which ne- 
glects hydration, predicts that the higher salting-out effective- 
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ness of the multivalent anions can be explained by charge 
effects alone. The inclusion of ion hydration into the theory 
could possibly improve the model’s predictions by decreasing 
further the LCST of the phase-forming region from T = 360 
K to room temperature. 

Figure 12b presents PEG 2180-salt binodal curves for the 
salts Na,SO,, (NH,),SO,, and ZnSO, (second category) at a 
temperature T = 375 K. The salts considered have a common 
anion (SO:- ), but contain cations of increasing charge. The 
model predicts that increasing the charge on the cation low- 
ers the salt concentration at which phase separation occurs. 
This is consistent with Ananthapadmanabhan and Goddard’s 
(1987) result that ZnSO, is more effective than (NH,),SO, 
in forming a two-phase system with PEG (see Figure llb). 
However, our model incorrectly predicts that ZnSO, is more 
effective than Na,SO, at forming an aqueous two-phase sys- 
tem with PEG. Ananthapadmanabhan and Goddard‘s (1987) 
results show that salts containing multivalent cations (e.g., 
Zn2+ ) are not always better at forming a two-phase system 
with PEG than salts containing univalent cations (e.g., Na+ 1. 
Multivalent cations tend to form linkages with the ether oxy- 
gen of the PEG molecules (Ananthapadmanabhan and God- 
dard, 1987; Doscher et al., 1951; Schott, 1973; Schott et al., 
1984), and the resulting complex that forms is thought to hy- 
drate water. This water surrounding the PEG molecules 
screens the attraction between them and increases the LCST 
of the mixture (the “salting-in” effect). Hence, there are two 
competing effects in salts containing multivalent cations-the 
salting-out effect due to the higher charge on the cation 
(which our model can predict), and the salting-in effect due 
to the tendency of the cation to complex with the PEG (which 
our model cannot predict). For salts that complex with the 
PEG, an increase in salt concentration would increase com- 
plex formation and encourage hydration thus decreasing 
PEG-PEG attraction. Hence, for our model to predict the 
salting-in effect the PEG-PEG attraction would have to be 
made a function of salt type and salt concentration. 

Figure 12c presents PEG 2180-salt binodal curves for the 
salts Li,SO,, Na,SO, and (NH,),SO, (third category) at the 
temperature T = 350 K. The salts considered have the same 
anion but different-sized cations of equal charge (+ 1). The 
model predicts that the phase-forming effectiveness of the 
salts is given by (NH,),SO, > Li,SO, > Na,SO,. The re- 
sults, however, do not agree with the experimental binodal 
curves of Ananthapadmanabhan and Goddard (1987), who 
show that the phase-forming effectiveness of the salts is given 
by Na,SO, > (NH,),SO, > Li,SO, (see Figure llb). Be- 
cause all three salts have the same ratio of anion-to-cation 
charge (1:2 in this case), charge effects are not responsible 
for the variations seen in the phase-forming effectiveness of 
the salts. Differences in solvent-salt interactions, such as hy- 
dration, and salt-PEG interactions, such as those caused by 
the complexation of the cations with the ether oxygen of the 
PEG, are probably factors that influence the variations seen 
in the phase-forming effectiveness of the salts. Our model 
ignores the just cited interactions and hence does a poor job 
of distinguishing between the phase-forming effectiveness of 
the salts. 

A study of the trends exhibited by the theoretical binodal 
curves in Figures 12a and 12c indicate that by themselves ex- 
cluded volume effects, resulting from a variation in anion or 

cation size (SO:- > PO:- and Na’ > Lif),  play a minor 
role in determining the phase-forming effectiveness of the 
salt. If excluded volume forces were important the theoreti- 
cal binodal curves would predict the phase-forming effective- 
ness of the salts to be Na,SO, > Na,PO, in Figure 12a and 
Na,SO, > Li,SO, in Figure 12c. Charge effects and 
ion-solvent interactions play a more important role than ex- 
cluded volume effects in determining the phase-forming ef- 
fectiveness of the salt. 

Conclusion 
A simple model based in the integral-equation theory of 

statistical thermodynamics is used to study phase separation 
in a model PEG-salt-water mixture. The PEG molecules are 
modeled as hard spheres interacting via a temperature- 
dependent attractive Yukawa potential, the salt ions are 
modeled as charged hard spheres interacting via a Coulombic 
potential, and the water is a structureless continuum repre- 
sented by a dielectric constant. The model ignores ion-solvent 
interactions (such as those due to hydration) and also as- 
sumes that the ion-PEG interactions are hard sphere alone. 
Thermodynamic properties for the mixture are evaluated us- 
ing analytical solutions to the Ornstein-Zernike equation ob- 
tained by other investigators. Three adjustable parameters ( z ,  
A ,  and B )  are used to fit the salt-free theoretical PEG-water 
phase diagram to the salt-free experimental PEG-water 
phase diagram. Once these three adjustable parameters are 
determined for each PEG molecular weight, no additional 
parameters are used to evaluate the phase diagrams for 
PEG-water mixtures in the presence of salts. 

Theoretical phase diagrams in the temperature-PEG, tem- 
perature-salt weight-fraction planes, and PEG-salt weight- 
fraction planes (binodal curves) are obtained for a variety of 
salts and at a range of temperatures and PEG molecular 
weights. The model predicts several trends that are experi- 
mentally observed: (1) the presence of salt ions decreases the 
LCST of the PEG-water mixture: ( 2 )  an increase in tempera- 
ture increases the miscibility gap of the PEG-salt-water mix- 
ture; (3) an increase in the PEG molecular weight moves the 
PEG-salt binodal curves toward lower PEG and salt concen- 
trations; and (4) an increase in anion charge lowers the salt 
concentration at which phase separation occurs. 

Our model also predicts Coulombic phase instabilities at 
low temperatures that are not observed experimentally in 
PEG-salt water systems. This could be either because the 
freezing of water preempts such a phase separation or be- 
cause the presence of water significantly screens the Coulom- 
bic forces and that phase separation is driven by solvophobic 
forces alone. One way of confirming whether Coulombic in- 
teractions influence the phase behavior of PEG-salt mixtures 
at low temperatures is by determining phase diagrams of 
PEG-salt mixtures in solvents that freeze at temperatures 
lower than the freezing point of water and solvents that have 
a lower dielectric constant than water. In low dielectric con- 
stant solvents Coulombic interactions will dominate over 
solvophobic interactions, and in solvents that freeze at low 
temperatures phase diagrams can be determined at tempera- 
tures lower than that possible in water. 

The theory has some shortcomings that nevertheless con- 
vey useful information concerning the relative importance of 
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ion-PEG interactions, ion-solvent interactions, and the in- 
terpenetrable nature of the PEG coils on the phase separa- 
tion in PEG-salt aqueous two-phase systems. The theory un- 
derestimates the equilibrium salt concentration in the PEG- 
rich and salt-rich phases. This is probably because the theory 
ignores attractions between the PEG and salt ions originating 
either through dispersion forces or through the complexation 
of the salt cations with the ether oxygen in the PEG. The 
theory also predicts a higher LCST than is experimentally 
observed, most probably because hydration of the salt ions is 
ignored. Ion hydration probably depletes the water surround- 
ing the PEG molecules (due to increased competition for wa- 
ter) and increases attraction between the PEG molecules (due 
to reduced screening), thus leading to a further decrease in 
the LCST of the mixture. We also observe that the theoreti- 
cal predictions for the PEG-salt binodal curves worsen with 
increasing PEG molecular weight. We attribute this to our 
modeling of PEG molecules as hard spheres. PEG molecules 
in reality are interpenetrable; thus modeling them as hard 
spheres overestimates the volume occupied by them, espe- 
cially in the PEG-rich phase, which in turn leads to incorrect 
binodal curves for high molecular weights of PEG. 

Finally, a study of the trends exhibited by the theoretical 
binodal curves (Figures 12a-12c) indicate that charge effects 
and ion-solvent interactions play a more important role than 
excluded volume effects (resulting from a variation in anion 
or cation size) in determining the effectiveness of the salt in 
forming an aqueous two-phase system with PEG. 
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